Abstract. This paper considers an asset allocation strategy over a finite period under investment uncertainty and short-sale constraints as a continuous-time stochastic control problem. Investment uncertainty is characterised by a stochastic interest rate and inflation risk. If there are no short-sale constraints, the optimal asset allocation strategy can be obtained analytically. We consider several kinds of short-sale constraints and employ the backward Markov chain approximation method to explore the impact of short-sale constraints on asset allocation decisions. Our results show that the short-sale constraints do indeed have a significant impact on these decisions.
Introduction
Recently, continuous-time stochastic control/optimization methods have found many applications in modern finance research. This paper considers a problem where asset allocation strategies, including both consumption and portfolio strategies, are constructed optimally in an intertemporal and stochastic framework. In particular, we are interested in the impact of short-sale constraints on asset allocation strategies under stochastic interest rate and inflation risks.
In Merton's (1971 Merton's ( ,1973 seminal works, the method of dynamic programming was applied to solve for such intertemporal asset allocation strategies. Using this technique, Merton showed the existence of an intertemporal hedging term which does not appear in the myopic strategy in a frictionless market. He solved the Hamiliton-Jacobi-Bellman equation analytically for special examples. Liu (2005) has extended the class of solvable examples of problems of the type considered by Merton to a much broader family. Cox and Huang (1989) develop an alternative method to dynamic programming to solve intertemporal asset allocation problems in a frictionless and complete market. In certain situations their static variational method facilitates the solvability of such problems; see for example, Wachter (2002).
In addition to uncertainty of asset returns, inflation risk is another important factor that needs to be taken into consideration when constructing long-term asset allocation strategies since the main purpose of investment in financial markets is usually to have a consumptions bundle at a later time. For this reason, our framework extends that of Merton and those cited above by considering a stochastic price level which casts additional risk on consumption decisions. In order to hedge such inflation risk, agents in our model can invest in inflation-indexed bonds that give a fixed payout in units of consumption goods at a future date. The pricing dynamics and empirical behavior of such bonds are discussed in detail in Hsiao, Chiarella and Semmler (2005) .
In order to account for the real-world trading environment we also allow for short-sale constraints. The intertemporal control problem can be readily handled when short-sale constraints are considered. However it turns out that to solve the intertemporal control problem in this case one has to resort to computational methods. Tapiero and Sulem (1994) summarize such computational methods into four categories: (i) methods for solving the discretised Hamilton-Jacobi-Bellman (HJB) equation, (ii) the Markov chain approximation method of Kushner (1977) , which approximates the original controlled process by finite state processes, (iii) methods for such examples with well-known solutions, and (iv) methods using simulationbased techniques. In this paper we employ the Markov chain approximation method and develop a backward iteration scheme to solve our finite-period stochastic control problem. We also discuss the convergence of the backward (Markov chain) approximation method. Although it is difficult to prove the convergence rigorously, we do observe convergence in the numerical examples we consider.
The structure of this paper is as follows. In Section 2 we introduce our asset allocation model with a stochastic price level and with investment in inflation-indexed bonds. The analytical solution without short-sale constraints is also provided. In Section 3 we present the algorithm of the backward approximation method and consider the convergence conditions. Section 4 contains a numerical study where the backward approximation method is applied for the case with and without short-sale constraints. Finally, Section 5 concludes the paper. 
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